Abstract. Let G be a group. An element g ∈ G is called reversible if it is conjugate to g −1 within G, and called strongly reversible if it is conjugate to g −1 by an order two element of G. Let H n H be the n-dimensional quaternionic hyperbolic space. Let PSp(n, 1) be the isometry group of H n H . In this paper, we classify reversible and strongly reversible elements in Sp(n) and Sp(n, 1). Also, we prove that all the elements of PSp(n, 1) are strongly reversible.
Introduction
Let G be a group. An element g ∈ G is called reversible if g −1 = xgx −1 for some x ∈ G. The terminology "real" has also been used extensively in the literature to refer the reversible elements, for example, see [Ell77] , [Ell83] , [EFN84] , [FZ82] , [KN87b] , and [KN87a] , [ST05] , [ST08] , [TZ05] , [Won66] . An element g ∈ G is called an involution if g 2 = 1. An element g ∈ G is called strongly reversible if g −1 = xgx −1
for some x ∈ G with x 2 = 1. Clearly, a strongly reversible element is reversible. An element g is strongly reversible if and only if g can be written as a product of two involutions. Every element of a conjugacy class which contains a reversible (resp. strongly reversible) element is reversible (resp. strongly reversible), i.e., reversibility (resp. strongly reversibility) is a conjugacy invariant.
Reversible and strongly reversible group elements have been studied in several contexts. Their origin can be traced back to works in classical dynamics and classical geometry. On the other hand, from an algebraic viewpoint, the investigation of reversibility is motivated by a theorem of Frobenius and Schur (1906) that says that if G is finite, the number of real-valued complex irreducible characters of G equals the number of reversible conjugacy classes of G. We refer the reader to the book by O'Farrel and Short [OS15] for an extensive account of reversibility in geometry and dynamics.
The motivation of the present work comes from the investigations related to the reversibility in classical geometries. Let PO(n, 1) denote the full isometry group of the n-dimensional real hyperbolic space H n R and let PO o (n, 1) denote the identity component, which is the group of orientation preserving isometries of H n R . When n = 2 it is well-known that every element of PO(2, 1) is strongly reversible (and so also reversible) but that there are elements of PO o (2, 1) = PSL(2, R) that are not reversible. For example, z −→ z + 1 is not conjugate in PSL(2, R) to its inverse, z −→ z − 1. Things are slightly different for n = 3. On page 47 of [Fen89] , Fenchel shows that every element of the group PO o (3, 1) = PSL(2, C) is strongly reversible. On page 51 of [Fen89] , he also shows that every element of PO(3, 1) is strongly reversible. In higher dimensions, it is known that every element of PO(n, 1) is strongly reversible, e.g. [OS15, Theorem 6.11]. The reversible elements in PO o (n, 1) have been classified in [Gon11] , and also in [Sho08] using a different approach, and also see [LOS07] . We refer to [OS15, Chapter 6] for an extensive treatment of reversibility in Euclidean, spherical, and real hyperbolic geometries. It follows from these works that an element g in PO o (n, 1) is reversible if and only if it is strongly reversible.
The reversibility of isometries of the complex hyperbolic space has been investigated by Gongopadhyay and Parker in [GP13] . The group U(n, 1) and SU(n, 1) acts as the holomorphic isometries of the n-dimensional complex hyperbolic space H n C . Reversible elements in these groups were classified completely in [GP13] . The strong reversibility in SU(n, 1) turned out to be tricky, but the classification was handled successfully as well. It follows from this work that an element g in U(n, 1) is reversible if and only if it is strongly reversible. An element g in the full isometry group PU(n, 1) is reversible, resp. strongly reversible if and only if the unique lift of g in U(n, 1) is reversible, resp. strongly reversible, see [GP13, Theorem 4.5].
The investigation of strong reversibility in PO o (n, 1) and SU(n, 1) is related to the broader problem of finding the involution length in the respective groups. Involution length in PO o (n, 1) has been obtained by Basmajian and Maskit in [BM12] . Precise involution length for SU(n, 1) is not known for arbitrary n. In [PW17] , Paupert and Will obtained involution length for SU(2, 1) and gave an upper bound of the involution length for SU(n, 1).
Even though the decomposition of isometries into involutions in the above groups are known to some extent, not much has been known for their quaternionic counterpart Sp(n, 1). Let H n H be the n-dimensional quaternionic hyperbolic space. Let Isom(H n H ) denote the isometry group which consists of all the isometries of H n H , which is isomorphic to PSp(n, 1) for n > 1 (see [BH99, p. 309 However, in contrast to the real and complex hyperbolic isometries, reversibility does not imply strong reversibility in Sp(n, 1). In fact, we shall see most elements in Sp(n, 1) are not strongly reversible. Let Sp(n) denote the maximal compact subgroup of Sp(n, 1 We apply the above theorem to give the following characterization of strongly reversible elements in Sp(n, 1). An eigenvalue λ (counted with multiplicities) of an element g ∈ Sp(n, 1) is called positive or negative if the corresponding λ-eigenvector has norm positive or negative with respect to the underlying Hermitian form. An eigenvalue λ is called null if the corresponding eigenspace is degenerate. Accordingly, a similarity class of eigenvalues [λ] is null, positive or negative according to its representative λ is null, positive or negative respectively.
Using conjugation classification [CG74] , we know that semisimple elements in Sp(n, 1) are classified into two types as elliptic and hyperbolic. An element g ∈ Sp(n, 1) which is not semisimple is called parabolic. However, it has a Jordan decomposition g = g s g u , where g s is elliptic, hence semisimple, and g u is unipotent.
In particular, if a parabolic isometry is unipotent, then it has all eigenvalues 1, and the notion of a minimal polynomial makes sense. A unipotent parabolic with minimal polynomial (x − 1) 2 (resp. (x − 1) 3 ) is called a vertical translation (resp. a
non-vertical translation).
Theorem 1.4. Suppose g is an element of Sp(n, 1).
(1) Let g be hyperbolic. However, when we project to the full isometry group, we have strong reversibility for every element.
Theorem 1.5. Every element of PSp(n, 1) is a product of two involutions.
Structure of the paper. In Section 2, we cover the preliminaries. In Section 3, we explore the reversible and strongly reversible elements in Sp(n) and PSp(n) . In Section 4, we give a complete description of the reversible and strongly reversible elements in Sp(n, 1) and we prove one of our main Theorem 1.1 of this paper. Last two sections are devoted to the proof of Theorem 1.4 and Theorem 1.5 respectively.
Preliminaries
In this section, we fix some notations and terminologies which will be used throughout this paper. Let H = R ⊕ Ri ⊕ Rj ⊕ Rij be the real quaternions. We identify the subspace R ⊕ Ri of H with the standard complex plane in H.
2.1. Matrices over quaternions. Let V be an n-dimensional right vector space over H. Let T be a right linear transformation of V . Then T is represented by an n × n matrix over H. Invertible linear maps of V are represented by invertible n × n quaternionic matrices. The group of all such linear maps is denoted by GL(n, H). For more details on linear algebra over quaternions, see [Rod14] . In the following, we briefly recall the notions that will be used later on.
Therefore eigenvalues of T occur in similarity classes and if v is a λ-eigenvector, then vµ ∈ vH is a µ −1 λµ-eigenvector. Thus the eigenvalues are no more conjugacy invariants for T , but the similarity classes of eigenvalues are conjugacy invariant. Note that each similarity class of eigenvalues contains a unique pair of complex conjugate numbers. Often we shall refer them as 'eigenvalues', though it should be understood that our reference is towards their similarity classes. In places where we need to distinguish between the similarity class and a representative, we shall denote the similarity class of an eigenvalue representative λ by [λ].
2.2. Symplectic group. In this section, we are following Chen and Greenberg [CG74] . Let V := H n,1 = H n+1 be an (n + 1)-dimensional right vector space over H equipped with a H-Hermitian form Φ(z, w) = −z 0 w 0 +z 1 w 1 + · · · +z n w n , where z = (z 0 , z 1 , . . . , z n ), w = (w 0 , w 1 , . . . , w n ) ∈ H n+1 . Therefore the matrix representation of Φ with respect to the standard basis {e 0 , e 1 , . . . , e n } of H n+1 is J = diag(−1, 1, . . . , 1). The symplectic group of signature (n, 1) is Sp(n, 1) = {g ∈ GL(n + 1, H) | tḡ Jg = J}. If we restrict the H-Hermitian form Φ on the orthogonal complement of the onedimensional subspace e 0 H, then the linear transformations preserving the restricted form is the following group
which is a compact subgroup of GL(n, H). Restricting the positive-definite quaternionic Hermitian form over the standard complex subspace C n ⊂ H n , we get a copy of the compact unitary group as a subgroup of Sp(n), and we denote it by U(n).
Observe that the above map ϕ is an injective group homomorphism from GL(n, H) to GL(2n, C). Observe that,
• ϕ(I n j) = 0 I n −I n 0 =: β.
• ϕ(P * ) = ϕ(P ) * .
• P is symplectic if and only if φ(P ) is unitary.
where Sp(2n, C) := {g ∈ GL(2n, C) | t gβg = β}. Here U(2n) and Sp(n) are compact groups and defined over R. The following definition will be used later.
Definition 2.3. Let g ∈ Sp(n). Let distinct eigenvalues of g be represented by e iθ 1 , e iθ 2 , . . . , e iθm , m ≤ n. The right vector space H n has the following orthogonal decomposition into eigenspaces:
We define multiplicity of e iθ l := dim (V θ l ). Equivalently, it is the repetition of the eigenvalue e iθ l in a diagonal form, up to conjugacy, of g.
Hyperbolic space H
Let P(V) be the quaternionic projective space, i.e., P(V) = V {0}/∼, where u ∼ v if there exists λ ∈ H × such that u = vλ. Here P(V) is equipped with the quotient topology and the quotient map is Π : V {0} → P(V). The ndimensional quaternionic hyperbolic space is defined to be H (n, 1) ), where Z (Sp(n, 1) 
and e l := e l for 2 ≤ l ≤ n, then we get a change of basis matrix, which is the following
Then define C := P −1 , which is called the Cayley transform. Now
Therefore the corresponding H-Hermitian form is Φ(z, w) = −(z 0 w 1 +z 1 w 0 ) +z 2 w 2 + · · · +z n w n .
The corresponding symplectic group is Sp(n, 1) = {g ∈ GL(n + 1, H) | tḡ Jg = J}.
Therefore we have Sp(n, 1) = P −1 Sp(n, 1)P , since J = t P JP . The Hermitian form Φ gives the Siegel domain model of the quaternionic hyperbolic space. The following follows from the conjugacy classification in Sp(n, 1), e.g. [CG12] .
Lemma 2.5. Let g be a parabolic element in Sp(n, 1). Then, up to conjugacy, g is one of the following forms: . We will give a shorter and different proof that will imply part (2) of the theorem that seems unavailable in the literature.
Proposition 3.1.
(1) Every element of Sp(n) is reversible. (2) Every element of PSp(n) is strongly reversible.
Proof. We know that every elements of Sp(n) are semisimple. So up to conjugacy we can write
where λ k ∈ C with |λ k | = 1 for all k = 1, 2, . . . , n. Now observe that jλ k =λ k j for all k = 1, 2, . . . , n. Therefore
where h = diag(j, j, . . . , j) ∈ Sp(n). Hence every elements of Sp(n) are reversible. Now observe that h 2 = −I n , so every element of PSp(n) is strongly reversible.
In [OS15, Chapter 5], O'Farrell and Short pose the problem of characterizing strongly reversible elements in Sp(n). The following result answers this problem. But before proving it, we recall the concept of projective points from [GK18, Section 3].
3.2. Projective points. Let T ∈ Sp(n). Let λ ∈ H \ R be a chosen eigenvalue of T in the similarity class [λ] . We may assume that [λ] has multiplicity one, i.e., the [λ]-eigenspace has dimension one. Thus, we can identify the eigenspace V [λ] with H. Consider the λ-eigenset: S λ = {x ∈ V | T x = xλ}. Note that this set is the complex line xZ H (λ) in H. Note that for q ∈ H \ R, S qλq −1 = S λ q.
Identify H with C 2 . Two non-zero quaternions q 1 and q 2 are equivalent if q 2 = q 1 c, c ∈ C \ 0. This equivalence relation projects H to the one dimensional complex projective space CP 1 . Thus, V [λ] = ⊔ q∈CP 1 S qλq −1 . The CP 1 associated to [λ] in this way will be called the [λ]-projective sphere.
3.3. Proof of Theorem 1.2. Suppose g = diag (λ 1 , λ 2 , . . . , λ n ) is strongly reversible. Then g −1 = hgh −1 for some h ∈ Sp(n) such that h 2 = I n . Then we have the following orthogonal decomposition: 
Conversely, suppose the assertion holds. Then, up to conjugacy, g is conjugate to an elementg of U(n) that has the property that if λ = ±1 is an eigenvalue, then so is λ −1 . Consequently, it is strongly reversible in U(n). Hence g is strongly reversible
in Sp(n). This completes the proof.
3.4. Proof of Corollary 1.3. Let g ∈ Sp(n), n = 2m. Up to conjugacy, we can choose g to be the diagonal element
where λ l 's are complex numbers with |λ l | = 1. Note that we can write g = α 1 α 2 , where
Since λ j andλ j belong to the same similarity class, by the previous proposition, we see that both α 1 and α 2 are strongly reversible in Sp(n). Thus, g can be written as a product of four involutions. This completes the proof.
Reversible elements in Sp(n, 1)
For parabolic and hyperbolic elements, we will work in Sp(n, 1). To prove the main theorem we need the following lemmas. Therefore we have
where h V = xjx
. Hence u V is reversible.
Now if there exists an
, whereāc +ca = 0 and iai =ā −1 . If possible suppose that h is an involution, i.e., h 2 = I 2 , then a = ±1. This is a contradiction, since a / ∈ R. Hence u V is not strongly reversible. Proof. Without loss of generality, we can assume s = ri with r ∈ R × and λ = e iθ .
Now pick h 1 = j 0 0 j ∈ Sp(1, 1), then by direct computation, one can check that
Remark 4.4. Observe that in the above proof h Proof. Choose an involution h N V in Sp(2, 1) such that
where d is chosen so that s + da is a real number. By direct computation, one can check that h N V u N V h Proof. Without loss of generality we may assume that a, s, λ ∈ C with λ = e iθ . 1) . By direct computation, one can see that
Now pick h
Remark 4.7. Observe that in the above proof h 
where h = 0 j j 0 ∈ Sp(1, 1), which proves that g is reversible.
For the second part, let g be a strongly reversible element. Then g −1 = hgh −1 for some h ∈ Sp(1, 1) with h 2 = I 2 . Suppose the eigenvalues of g are not real numbers.
Then we can assume θ = 0, π. Now let h = a b c d . Then we get a = r 2 e iθ ae iθ (4.1)
From Equation (4.1) we get a = a 0 + a 1 i + a 2 j + a 3 k = r 2 e iθ (a 0 + a 1 i + a 2 j + a 3 k)e iθ , which implies that a 2 = 0 = a 3 as r 2 = 1. If a 0 = 0 (resp. a 1 = 0), then 1 = r 2 e 2iθ , which implies that θ = 0 or π/2 or π. But θ = 0, π so θ = π/2, which implies that r 2 = −1 a contradiction. Therefore a = 0. Similarly, from Equation Again, we have bc = 1 = cb =cb since h 2 = I 2 and h ∈ Sp(1, 1). Therefore c =c, i.e., c ∈ R \ {0}. This is a contradiction to the fact that c = c 2 j + c 3 k. Therefore all the eigenvalues of g are real numbers.
Conversely, if all the eigenvalues of g are real numbers, then θ = 0 or π, i.e.,
. By direct computation, we get g −1 = hgh −1 , where
Therefore, g is strongly reversible.
4.1. Proof of Theorem 1.1.
(i) Let g be elliptic in Sp(n, 1). From the conjugation classification, we know that g is semisimple with eigenvalues of norm 1. It has n-similarity classes of positive eigenvalues (may not be different) and one similarity class of negative eigenvalue (which may coincide with one of the positive classes), for details, see [CG74, Lemma 3.2.1 and Proposition 3.2.1]. So, up to conjugacy, we can assume
where λ k ∈ C with |λ k | = 1 for k = 0, 1, . . . , n. Since jλ k = λ k j for λ k ∈ C then we have
where h = diag(j, j, . . . , j) ∈ Sp(n, 1). Therefore every elliptic elements of Sp(n, 1) are reversible. Note that h 2 = −I n+1 in Sp(n, 1).
In the remaining part of the proof, we shall use the Siegel domain model and assume g ∈ Sp(n, 1).
(ii) Let g be hyperbolic. Let λ be the (null) eigenvalue class of g with |λ| > 1.
Then V has a decomposition into g-invariant orthogonal subspaces: V = U ⊕ W, where U is the direct sum of the one dimensional eigenspaces V λ and V λ −1 and W is the space-like orthogonal complement to U. The Hermitian form restricted to U has the signature (1, 1), hence g| U can be considered as a transformation in Sp(1, 1) and g| W as an element in Sp(n − 1), and g = g| U ⊕ g| W . Now it follows from Lemma 4.8 and Proposition 3.1 that
where h = h 1 0 0 h 2 with h 1 = 0 j j 0 and h 2 = I n−1 j = diag(j, j, . . . , j).
Note that h 2 = −I n+1 in Sp(n, 1).
(iii) Let g be a translation. Again from conjugation classification, there are exactly two conjugacy classes of unipotent parabolic elements. One is the vertical translation, denoted by
, with minimal polyno-
The other one is the non-vertical translation, denoted by
, whose minimal polynomial is (x − 1) 3 . Therefore
and h V is defined in Lemma 4.1. Also, we have U
and h N V is described in Lemma 4.5. Therefore unipotent elements are reversible.
(iv) Let g be parabolic. From the conjugation classification, see [CG74, Proposition 3.4.1], we know that g ∈ Sp(n, 1) has the Jordan decomposition g = g s g u = g u g s , where g s is a unique elliptic element and g u is a unique unipotent parabolic element. If g is parabolic, then H n,1 has a g-invariant orthogonal decomposition: H n,1 = U ⊕ W, where dim U = 2 or 3, g| U is indecomposable, i.e., U cannot be written as a sum of g-invariant subspaces, and g| W acts on W as an element of Sp(n − 1) or Sp(n − 2). Further, if λ represents the null eigenvalue of g, then g has minimal polynomial (x − λ) l , where l = 2 or 3. Then, up to conjugacy,
where g 1 ∈ Sp(1, 1) or Sp(2, 1) and g 2 ∈ Sp(n−1) or Sp(n−2). Now it follows from Lemma 4.3, Lemma 4.6 and Proposition 3.1 that we have g
where h = h 1 0 0 h 2 with h 1 as in Lemma 4.3 and h 2 as in Lemma 4.6.
This completes the proof.
5. Proof of Theorem 1.4
(1) Suppose g is hyperbolic. Let λ be the (null) eigenvalue class of T with |λ| > 1. Then V has a decomposition into g-invariant orthogonal subspaces: V = U ⊕ W, where U is the direct sum of the one dimensional eigenspaces V λ and V λ −1 and W is the space-like orthogonal complement to U. The Hermitian form restricted to U has the signature (1, 1), hence g| U can be considered as a transformation in Sp(1, 1) and g| W as an element in Sp(n − 1). The result now follows from Lemma 4.8 and Theorem 1.2.
(2) Suppose g is elliptic. Then g has a negative eigenvalue λ. Let L λ be the onedimensional subspace spanned by the corresponding eigenvector. In the orthogonal complement L ⊥ λ , g restricts to an element in Sp(n). Thus, up to conjugacy, we may consider g as: g = λ 0 0 g 1 , where g 1 ∈ Sp(n). It is easy to see that the only strongly reversible elements of Sp(1) are 1 and −1. The result now follows from Theorem 1.2.
(3) follow from Lemma 4.1, and (4) follow from Lemma 4.5.
(5) Suppose g is parabolic. Then g has the Jordan decomposition g = g s g u , where g s is semisimple, g u is unipotent, and g s g u = g u g s . If g is strongly reversible, then clearly g s and g u are strongly reversible. The null eigenvalue λ of g will be a negative eigenvalue for g s , and hence the assertion necessarily follows from (2) and the unipotent cases. Conversely, suppose the hypothesis holds. If g is parabolic, then H n,1 has a ginvariant orthogonal decomposition: H n,1 = U ⊕ W, where, dim U = 2 or 3, g| U is indecomposable, i.e., U cannot be written as a sum of g-invariant subspaces, and g| W acts on W as an element of Sp(n − 1) or Sp(n − 2). Further, if λ represents the null eigenvalue of g, then g has minimal polynomial (x − λ) l , where l = 2 or 3. The given hypothesis implies that g| U and g| W are strongly reversible. Hence g is strongly reversible.
6. Proof of Theorem 1.5
From the proof of Theorem 1.1, we see that for g elliptic or hyperbolic, g = hg −1 h −1 , where h 2 = −I n+1 in Sp(n, 1). Hence h 2 = I n+1 in PSp(n, 1). Thus, g is strongly reversible in PSp(n, 1).
For g a translation, it follows from Lemma 4.1 that in Sp(n, 1), M 2 = −I 2 0 0 I n−1 .
Hence in PSp(n, 1), M 2 projects to the identity element. We have already seen in Lemma 4.5 that a non-vertical translation is strongly-reversible. Consequently, every translation is strongly reversible in PSp(n, 1).
An arbitrary parabolic element is strongly reversible in PSp(n, 1) follows from the last part of the proof of Theorem 1.1, and Lemma 4.3 and Lemma 4.6.
